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ABSTRACT 

In this paper we will study the Jacobson radical of a ternary T-semiring by using ternary T-semi modules. In 
section 2, we first give some preliminaries. In section 3, we will introduce and study the primitive ternary T-semiring. 
In section 4, we will study the Jacobson radical of a ternary T-semiring and the Jacobson semi simple ternary T- 
semiring 
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1. INTRODUCTION 

The theory of ternary algebraic systems was studied by LEHMER [3] in 1932, but earlier such structures 
were investigated and studied by PRUFER [5] in 1924. In 1929 BAER [1] who gave the idea of n-ary algebras. In 
2004, T.K. Dutta and S. Kar[2] were studied the Jacobson radical of a ternary semiring. In 2015, M. Sajani 
Lavanya, D. Madhusudhana Rao and V. Syam Julius Rajendra [6, 7, and 8] were investigated and studied about 
ternary 

E-semiring. For notions and terminologies not given in this paper, the reader is referred to Sajani Lavanya, 
Madhusudhana Rao, and Syam Julius Rajendra [6, 7, and 8]. 

2. PRELIMINARIES 

Definition 2.1(Sajani Lavanya, Madhusudana Rao and syam Julius Rajendra [7]): Let T and E be 

two additive commutative semi groups. T is said to be a Ternary T-semiring if there exist a mapping from T xEx 

T xEx T to T which maps ( X { , CX, X 2 , j3, X 3 ) — > [x | CfX 2 yffx 3 ] satisfying the conditions : 

i) [[aab/?c]ydde] = [aa[bf?cTd]de] = [aab/S[cydSe]] 

ii) [(a + b ) acf?d] = [aacffd] + [btzcffd] 

iii) [a CX (b + c)(3d] = [aab/?d] + [atzc/?d] 

iv) [aabff{c + d)] = [aabffc] + [aabffd] for all a, b, c, dE T and a, ff, y, <SE E. 

Definition 2.2: (Sajani Lavanya, Madhusudana Rao and syam Julius Rajendra [7]: A ternary E- 
semiring T is said to be commutative ternary T-semiring provided aTbTc = bTcTa = cTaTb = bTaTc = cTbTa = 
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aFcF/zf or all a, b, c E T. 

Definition 2.3: (Sajani Lavanya, Madhusudana Rao and syam Julius Rajendra [6]: An element Oof a ternary 
F-semiring T is said to be an absorbingzero of T provided 0+x = x = x + Oand Oaafib = aaOfib = a ah /A) = 0 V a, b, x E 
T and a, /ABF. 

Note 2.4.Throughout this paper, T will always denote a ternary F -semiring with zero and unless otherwise stated a 
ternary F-semiring means a ternary F-semiring with zero. 

Definition 2.5: (Sajani Lavanya, Madhusudana Rao and syam Julius Rajendra [7]: An element a, of a ternary 

n n n 

F-semiring T is said to be an identity provided ^ ^ a LX 1 f]/L — ^ tCX i a i ^ i a i — t V fG T, a„ /A, GF. In 

i=l i—l i = 1 

this case the ternary F -semiring is said to be a ternary I -semiring with identity. 

Definition 2.6: (Sajani Lavanya, Madhusudana Rao and syam Julius Rajendra [8]: Let T be ternary F- 
semiring. A non empty subset ‘S’ is said to be a ternary subY-semiring of T if S is an additive subsemigroup of T and 
a ah /Ac E S for all a, b, ce S and a, /Ae\ . 

Definition 2.7: (Sajani Lavanya, Madhusudana Rao and syam Julius Rajendra [8: A nonempty subset A of a 
ternary F -semiring T is said to be ternary Y-ideal of T if 

(1) a, b G A =>a + b G A 

(2) b, c G T , a G A, a, /AEF=>bac/AciE. A, baa/Ac G A, aab/Ac G A. 

Definition 2.8: (Dutta. T. K. and Kar. S [2]): A ternary F -ideal I of T is said to be a k-ternary r-ideal if x + vG I, 
xG T, yGl implies that xG I. 

Definition 2.9: (Dutta. T. K. and Kar. S [2]): A ternary F -ideal I of T is said to be a h-ternary r-ideal provided x 
+ yi + z = Vi + z; x, zG T and Vi, y 2 £ I implies that xG I. 

Clearly, every /z-ternary F -ideal is a ^-ternary F -ideal of T and the intersection of an arbitrary collection of h- 
ternary F -ideals is again an /z-ternary F -ideal of T. 

Let A be a ternary F -ideal of T. Then the k-closure of A, denoted by A , is defined 
byA={aG7’ :a + b = c for some b,CE A} . We note that a ternary F -ideal A of S is a Z:-ternary F -ideal if and only 

if A = A . 

3. PRIMITIVE TERNARY T-SEMIRING 

Definition 3.1: An equivalence relation p on T is said to be a ternary r-congruence relation or simply a I- 
congruence of T if the following conditions are satisfied: 

(i) a pa' And b pb' => (a + b) p(a' + b') as well as 

(ii) apa',bpb' and cpc => (aab J3c) p(a'ab' J3c') For all a, a', b,b',c,c' g T,a,j3 g T . 

The condition (ii) of the above definition is equivalent to the following condition: 
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(ii) a pa' => (aab J3c) p(a'abj3c),(baa J3c) p(baa' J3c),(bac J3a) p(bac J3a') . 

Definition 3.2: Let A be a proper ternary L -ideal of T. Then the T -congruence on T , denoted by p t and defined 

by t pt if and only if t + a { = t + Cf for some Cl l , Cl 2 E A , is called the Bourne Ternary T-Congruence on T defined 
by the ternary T -ideal A. 

We denote the Bourne ternary T-congruence (Pj) class of an element t of T by 1 1 p t or simply by t / A and 
denote the set of all such ternary T-congruence classes of T by 7V// or simply by T / A . We observe here that for any 
s E T and for any proper ternary T-ideal A of T, s / Ae T / A is not necessarily equal to s + I = {s + a : aE I}. 

Definition 3.3: For any proper ternary T-ideal of T if the Bourne ternary T-congruence p i , defined by A, is 
proper i.e. 0 / A i^T , then we can define the operations, addition and ternary multiplication on T / A 
by a / A + b / A = (a + b) / A and (a / A)a(b / A)j3(c / A) = (aab Pc) / A for all a, b, cE T, a, ffEY. With these 

two operations, we see that T / A is a ternary T-semiring and we call this ternary T-semiring the Bourne factor ternary T- 
semiring or simply the factor ternary T-semiring. 

Definition 3.4: Let S and T be two ternary T-semirings. Let /be a mapping which maps from S to T. Then /is 
said to be a ternary T -homomorphism of S into T if 

(i) f(x + y) = f(x) + f(y ) And 

(ii) f{aabfic) = f {a)a f (b) (3 f (c) For all a,b,ce T,a,j8e T . 

If/is both one-one and onto then/is called a T-isomorphism 

Definition 3.5: An additive commutative semigroup M with a zero element 0 M is said to be a right ternary 77 - 
semimodule if there exist a mapping M X F X T X F X T — > M , denoted by (x, O', a, ff b) — > xOCafjb , which satisfies 
the following conditions for all elements X,y E M , a,b,C,d E T ,C(, jB ,y,S gT : 

O') (x + y)aaj8b - xOiaffb + yaajBb 

(ii) xaafdib + c) = xaaj3b + xaa f3c 

(iii) xa(a + b)j3c - xaafic + xabfjc 

(iv) (xaa [3b ) ycSd = xa(afjbyc)Sd - xaafdibycSd) 

(v) 0 M aafdb — 0 M = xaa jBO t = xaO T /3b. 

n 

In addition to the above conditions if ^ maa i (3a i — m holds for all mE M, where a, is an identity element of T, 

r=l 

then M is said to be a unitary right ternary TT-semimodule. 

Similarly, a left ternary TT-semimodule can be defined. 

Example 3.6: Every ternary T -semiring T is a right ternary TT -semimodule under the right ternary multiplication 
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in the ternary F -semiring T. 


Example 3.7: Let M 0 (Z ) be the ternary F-semiring of all 2x2 square matrices over Z\ the set of all negative 
^ a b ^ 


integers. Then / , = 


v o o y 


:a,be Z > forms a right ternary Tr-semimodule over M 2 (Z ) 


Example 3.7: Let D be a division ternary F-semiring. Let M p q (D) denote the additive semigroup of all pxq 
matrices whose entries are form D and D p be the set of all p-tuples of elements of D. Then D p as well as M (£)) can be 
made in natural way into Tr-semimodule for F = M p (D) and T = M q p (D). 

Definition 3.8: A nonempty subset N of a right ternary TF-semimodule M is said to be a ternary sub Tr- 
semimodule of M provided (i) a + bE N, (ii) a as fit E N, (iii) N contains the zero of M for all a , bE N, s, tE T and for all a, 
fiEF. 

Most of the results on a ternary semiring S can be established for a right ternary S-semimodule M with some mild 
modifications. For example, every ternary h - sub semimodule is a k-sub semimodule of M. 

Definition 3.9: Let M and N be two right ternary TF -semimodules and i// a mapping from M into N. Then i// is 
said to be a T / -homomorphism of M into N if i//(a + b) = y/(a) + fib) and y/(a(XS j3t) = y/(a)OCS j3t for all a, bE M, s, 
tE T and a, fiE I . 

Definition 3.10: A right ternary TF-semimodule M is said to be additively cancellative if 

a + b = a + c implies that b= c for all a, b, cE M. In this case M is called additively cancellative right ternary Tr- 

semimodule. Similarly, we can define additively cancellative ternary F-semiring. 

Note 3.11: In an additively cancellative ternary F-semiring the concept of /(-ternary F-ideal and ^-ternary F-ideal 

coincide. 

Definition 3.12: The zeroid of a ternary F-semiring T, denoted by Z (T), is defined as 

Z(T) ={xsT:x + z = Z for some Z6 f} . Clearly, the zero element 0 r of T is a member of Z (T). 

Lemma 3.13: The zeroid Z (T) ofa ternary r -semiring T is an /i-ternary r -ideal of T. 

Proof: Let t l ,t 2 ^ : Z(T) then t { +f = t\ and t 2 + C = r 2 for some T[, r 2 £ T 


=> t { + 1 2 + r { + r 0 = r x + r 2 , since addition is commutative and hence t } + F E Z (T) . 

Let S, teT, a, [3 eY. then IfiXsfjl + rfXs/3t = (/, + /, )as/3t = l\ccsfil and so l\OCsf3t E Z(T) Hence Z 
(T) is a right ternary F -ideal of T. 

In a similar manner we can prove Z(T) is a left ternary F-ideal as well as lateral ternary 
F -ideal of T. Therefore Z (T) is a ternary F -ideal of T. 

Suppose that r + S x +t = +/; where f,t E T and 5p5 2 E Z(T). 
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Since s 1 , s 2 e Z ( T ), s l +t l = t ] and s 2 +t 2 = t 2 

Now Y J t-S x J rt = S 2 J t-t = > T + + t x + 1 + L, = S 2 + L, + t x + 1 

=> Y + t x + 1 + 1 2 = t 2 + 1 + = t x + 1 + 1 2 => C£ Z (F) . 

Therefore Z (T) is an /i-ternary T -ideal of T. 

Remark 3.14: The zeroid of a ternary T -semiring T is the smallest //-ternary T -ideal of T. 

Definition 3.15: Let M be a right ternary TT-semimodule. 

We put (0 : M ) = {xg T : = 0 and mTxTs = 0 Vm e M and \/seT] . 

Then we call (0: M) the annihilator of M in T, denoted by Aj, (M) . 

Note 3.16: The zeroid Z (T) of T is contained in Aj, (M ) . 

Lemma 3.17: A r (M) is an It -ternary T-ideal of T. 

Proof: Clearly, A T (M) is an additive sub semigroup of T. Suppose xE Aj(M) , then /tiF.vFx = 0 and 
mTxTs = 0 for all me M ,seT and a,j6eT. Now for all meM,r,s,teT and a, j8, y, S e r , 
mYrY(xYsYt) = (inY /•F'c)r.sF/ = 0 

AndmY(xYsYt)Yr = (mFrr.s)r/Fr = 0 . Thus xFyTf (Z A r (M ) for all s,te T 
Similarly, we can show that .S'F/Fv Cl A r ( M ) and ^FtF/ Cl A r (M) for all ,v, t £ T. 

Hence Aj. (M ) is a ternary T -ideal of T. 

We now show that Aj,(M ) is an /i-ternary T-ideal of T. 

For this purpose, we let X + t x + y = t 2 + y , where X,y eT and t { ,t 2 E A r (M ) . 

Since t 2 E A r (M ) , mYtYf =mYt l Yt = 0 and mYtYt 2 = mYt 2 Yt = 0 
For all m E M and for all teT. 

Now x+t x + y = t 2 + y => tnYlYx + mYtYt ] + mYtYy = mYtYt 2 + mYtYy 

This leads to mFfFx = 0, since mYtYt x =mYtYt 2 =0 and M is additively cancellative. Similarly, we can 
show that mFlT t = 0 for all ill E M and for all X, t E T . 

Thus XE A r (M) and hence A r (M) is an /i-ternary F -ideal of T. 
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Remark 3.18: Since every //-ternary i'-ideal is a /(-ternary I'-ideal of T. 

Definition 3.19: A right ternary TT-semimodule M is said to be faithful if Z(T ) = A- r (M ). 


Definition 3.20: A right ternary TT-semimodule M f {0} is said to be irreducible if for every arbitrary fixed pair 


u . ,u 2 e M 


with 

It | It 2 and 

for any 

XE M there 

exist 


,r„A 

..., O m E T and a l ,a 2 ,.. 

-a n A iA 2 , ,b m . 


‘ ’ C n ? ^1 ? 

cb , ,d m E T Such that 





x+Y J ifCC i a i P i b i + Y J U 1 y j CjSjd j = Y J UxY j c j Sjd j + Y J u 2 (X i a A h i ■ 

i=i j = i >=i j=i 

Lemma 3.21: Let I be an //-ternary T-ideal of a ternary T-semiring T. If M is an irreducible right ternary 
(T / /)r -semimodule then M is an irreducible right ternary Tr-semimodule. 

Proof : Suppose that M is an irreducible right ternary (T / I)T— semimodule. Then we can define a ternary T- 
action on M by mTsTt = mT(s / I)T(t / I ) for all mE M and for all ,v, tE T, and this makes M into an irreducible right 
ternary TT-semimodule. 

The converse of the lemma 3.21 is not necessarily true. But in particular we have the following theorem. 

Theorem 3.22: If M is an irreducible right ternary Tr-semimodule then M is an irreducible right ternary 
(T / A r (M ))r -semimodule, where T / A r ( M ) is a factor ternary T-semiring. 

Proof: Suppose M is an irreducible right ternary TT-semimodule. We define a ternary 

T-action on M as follows: mT(s / l )T(t / I) = mTsTt where I = Aj {M ) , for all mE M and for all s, tE T. 

We now show that the above definition is well defined. If / / A r (M) = 1 / A r ( M ) then 
t+f + z l =t'+i 2 + z 1 for some t p / 2 e A T (M) and z, e T 

Since , f E A r (M ) , we have wT , ,vr i { = /nF ,sF i 2 =0. 

Now t + i 1 + z 1 =t'+ i 2 + Zl ^ mYsYt + mYsYi, + mFsrz, = mTsTt' + mFsn 2 + mYsTz, for all mE M 
and ,v£ T which implies that mTsTt = mTsTt' —> (1) 

Again if S / A T ( M ) = S / A r (M ) then S + i 3 + Zo = S + i 4 + Z 2 for some ij , i 4 E A r (M ) and Z 2 6 T . 
Since L , i 4 e A T ( M ) , so mT LTl' = mF i 4 Tt' = 0. Also 0 + i 3 + z 2 =s'+i 4 + z 2 

=>mTsTt' + mTi 3 Tt' + mTz 2 Tt' = mTs'Tt' + mTi 4 Tt' + mTz 2 Tt' for all me M and t' e T which implies 
that mr.sF t' = mTs'T T — > (2) 
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From (1) and (2), it follows that mTsT t = mTs'Tt' . 

Thus mT (s / AjXM ))F(/ / A- r (M )) = mT(s / A r (M))T(t / A r (M j) => mTsT t = mTs'Tt' and hence the 
above definition is well defined. Now it is easy to see that the above definition makes M into an irreducible right ternary 
(T / A t (M))T -semimodule. 

Lemma 3.23: A right ternary Tr-semimodule M is a faithful (T/A t (M)) r-semimodule. 

Proof : To prove M is faithful we need to show that Aj. /a m ^(M) = ZT(T / A r (M )). 

From note 3.16, we see that ZF(7" / A T (M )) Cl {M) (M ). 

For the converse part, we let X / A r (M ) E A /7 (M) (M). 

Then mT(t / A r {M))T{x / A r (M)) = 0 and mT (x / A T (M))T(t / A T (M)) = 0 
i. e. mT fF.r = 0 and mTxT t = 0 for all mE M and for all r£ T 
Thus XE A T (M ) and hence X / A r ( M ) = 0 / A r ( M ). 

Consequently, xt A t (M)e ZT(T / A r (M)) and so A r/ ^ ( , W j(A7) C ZT(T / A T (M )). 

Thus A t/Ai (m) (M) = ZT(T / A r (M )). Hence the lemma is proved. 

Lemma 3.24: If P is an /i-ternary T-ideal of a ternary T-semiring T, then ZT(T / P) = {0} where T/P is a 
factor ternary T-semiring. 

Proof. Suppose ,v/P £ ZT(T / P) . Then we have s/P + t/P = t/P for some t/PE T/P. This implies that (s + t)fP = 
t/P which implies that S + t + i ] = t ] +t 2 for some , i 2 E P. this shows that ,v£ P, since P is an /!-ternary F-ideal of T. 
Consequently, s/P = 0/P. Thus ZT(T IP) — {0} . 

Definition 3.25: A ternary F-semiring T is said to be primitive if it has a faithful irreducible ternary Tr- 
semimodule. A ternary F-ideal P is said to be primitive if the factor ternary 

F-semiring T/P is primitive. Hence a ternary F-semiring T is primitive if {0} is a primitive ternary F-ideal of T. 

The following is a characterization theorem for primitive ternary F -ideal of ternary F -semirings. 

Theorem 3.26: An h-ternary P-ideal P of a ternary T-semiring T is primitive if and only if P = A r (M ) for 
some irreducible right ternary Tr-semimodule M. 

Proof: Let P be an h-ternary F-ideal of T such that P = A T (M ) for some irreducible right ternary 7T-semimodule 

M. Then by theorem 3.22 and Lemma 3.23Mis a faithful irreducible ternary (T/P) F-semimodule this shows that T/P is 
primitive and hence P is a primitive h-ternary F -ideal of T. 
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Conversely, let P be a primitive h-ternary F -ideal of T. Then T IP is a primitive ternary F -semiring. So there exists 
a faithful irreducible ternary (T/P) F-semimodule M. Now by Lemma 3.21 M is an irreducible ternary 7T-semimodule. It 

remains to show that P = A r (M ) . Now A' € A ? (M) <=> X € T such that mTsTx = 0 and mTxTs = 0 for all m £ M and .v £ 
T 

<=> x/P £ T/P such that mV (s/P )Y(x/P) = 0 and mY(x/P)Y(s/P ) = Ofor all m £ M and 
s/P £ S/P^ x/P £ A r/I ,(M ) = ZV(T IP), since M is a faithful ternary (77P)F-semimodule 

<=> x/P £ A- r/p (M ) = {0} , by Lemma3.24,<=> x/P = 0 /P<=>x £ P. Thus P = Aj(M). Hence the lemma 

4. JACOBSON RADICAL OF A TERNARY r-SEMIRING 

In the previous section, we have defined irreducible ternary TF-semimodule. We now we give the definition of 
semi-irreducible ternary TF-semimodule. 

Definition 4.1: A right ternary TF-semimodule M is said to be semi-irreducible if 

n 

MFTFT ± {0}. i. e. ^ m i OC i S i /3 i t i A 0, where //7 £ M , S i J : E T and (X , £ T, and M does not contain any ternary 

i= 

£-sub semimodule other than {0} and M. 

Theorem 4.2: Let A be an h-ternary T-ideal of a ternary T-semiring T and M a right ternary Tr- 
semimodule with MrTrA ^ {0}. Then the following statements are true: 

1) If M is semi-irreducible and m is an element of M then m = 0 if and only if mTtTa = 0 
for all te T and for all «£ A. i.e. m = 0 if and only if m TIT A = {0}. 

2) If M is irreducible and u, v are elements of M, then u = v if and only if 

m m 

V uYaTb - V vTaTb for all a , b e T. 

l l l l l ' l 

i=l i = 1 

Proof: (1) Let M be a semi-irreducible right ternary TF-semimodule and mTtTa = 0 for all 

f£ T and for all «£ A. Let 

n 

Mo = {y£ M; yFTFA = {0} i. e. ^ yOCxfip, = 0, A, £ T,a, £ A, a , , £ T ] . 

1=1 

Then 111 £ M () and so M 0 is non-empty 

Let x,yE M 0 . Then (x + y)r7TA = xF7TA + yFFFA = {0} . 

This leads to x + y£ M 0 . Now let xE M 0 and ,y, r£ T. Then we get 

(xTsTOrTTA c M^TTTTTTA c MJTTTA = {0} i. e. (xTsVl )F7TA = {0} . 

This implies that xTsFl Cl M Q and therefore, M 0 is a ternary T -sub semimodule of M. 
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Again suppose X + y E Af 0 , y £ M Q and .r£ M. Then 


^ (x + y)rs.ra. = 0, ^ yTsFa, = 0 for all s. e 7\ a ( € A. 

i = 1 /=1 


=^jcrj.ra. +o = +^yr.s.rq l . = ^(jc+yjr^rq. = o^ie m 0 . 

i= 1 i=l i'=l i = 1 i'=l 

This shows that M 0 is a ternary A:-sub semimodule of M. Since MTTTA f {0}, M 0 ^ M Again since M is semi- 
irreducible, M 0 = {0} and there by m =0. 

The converse part is obvious. 

2) Let M be irreducible and U,VE M be such that ufv. Since MTTTA f {0}, there exist 
mE M, te T and a £ A such that mTtTa f 0. Again since M is irreducible, for this m, there exist 
(L , b } , Cj , d ■ G T, CxJ3 i , (X . , (3j G T(1 < i < p, 1 < j <q\p,q are positive integers) such that 

pi ip 

m +Y J ua i a l Pi b i + Tj va t c jfij d j = Yj ua j c iPi d > + Tj va i a ifii b i- 

1= 1 7=1 7=1 1=1 


Hence mTtTa + ^ uoc i a i f3 i b i ft 8a + '^va j c j /3 j d fit jua = ^ uoc .c fi fit /la + ^ va j a i (3 j b j ytSa for 

7=1 7=1 


i=l 


i=l 


all f G T and aE A . 


p 9 i p 

This implies that mTtTa + £ uTaTb' + £ vTcyd] = £ uTcfd) + £ vIAF//. 

1=1 7=1 7=1 1=1 

Where /?. = bjOCt pa E A and d . = d .ft 8 a G A . Since M is cancellative and mT tT a 0 so at least one of 

P 9 9 

«ra.rz/^V vrvn/ and V uTc Td'. vrc.r<F holds. 

1 1 2—1 ' ' 7 7 7 7 

1=1 1=1 7=1 7=1 

The converse part follows easily. 

Lemma 4.3: Let M be a right ternary T T -semimodule and M X 0 . Then M is semi-irreducible if and only 
if for every nonzero m E M , mTTTT = M i.e. for every arbitrary fixed nonzero in E M and every xe M , there 

P 9 

exist a.,b.,C -,d ■ £ T such that x + / mT aT b. = / mT cTd , where p, q are positive integers. 

1 1 J J 1 1 7 7 

1=1 7=1 

Proof: Let M ^ Obe semi-irreducible. Then M TTTT X- {0} 

Let m E M such that m 0 . Then by theorem 4.2, mTTTT X- { 0 } 


Since mTTTT is a ternary £-subsemimodule of M, mTTTT = M . 
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Conversely suppose that for any non-zero me M , mYTYT = M . 

Let /V ^ { 0 } be a ternary A-subsemimodule of M. Then there exist 77 E N such that 77 7^0. Therefore by 
hypothesis, nTTTT = M 

P 9 

Hence for any x E M , there exist (l i , b j , C ■ , d - E T such that X + ^ nYaY b j = ^ nYc Yd - . Since N is a 

7=1 7=1 

P 9 

ternary Csubsemi module of M and I nYa i Yb i ,ynYc i Yd i e N , so we find that X E N . Hence N = M. Now if 

'=1 7=1 

MYTYT = {0} then mYTYT = {0} for all 777 e M 

In particular, mYTYT = {0} for any non-zero 111 E M Hence 777F/ F/ ={0}for any non-zero ill E M this 
shows that M = {0}, which is a contradiction. 

Thus MYTYT ^ {0} and hence M is semi-irreducible. 

Corollary 4.4: If a right ternary T Y -semimodule M is irreducible then it is semi-irreducible 
and M YTYT = M . 

Proof: Let M be an irreducible right ternary T Y -semimodule. Then M ^ 0 , and consequently, there exists a 
non-zero m E M .Since M is irreducible, for any arbitrary fixed m ^ 0 and any x E M there exist 
a t , lx , Cj , dj E T, a i P i , a j ./? e F(1 < / < p, 1 < j < q; p, q are positive integers) such that 

P 9 

x+y mOC i a i /3 i b i = ymcxpjid- (From the definition of irreducibility, putting U { = 777 and // 2 =0 ). 

7=1 7=1 

Hence by lemma 4.3, M becomes a semi-irreducible right ternary Tr -semimodule. Then M YTYT ^ {0} this 
implies that MYTYT T- {0} . Since MYTYT is a ternary /('-subsemimodule of M, MYTYT = M. 

Definition 4.5: Let T be a ternary Y -semiring and Abe the set of all irreducible right ternary T T -semimodules. 
Then J (T) = A T (M ) is called the Jacobson radical of T 

Me A 

If A is empty the T itself is considered as J (T) i.e. J (T) = T and in this case, we say that T is a radical ternary 
r -semiring. 

A ternary Y -semiring T is said to be Jacobson semisimple or J-semisimple if J (T) = {0} . 

Remark 4.6: The zeroid Z ( T ) of T is contained in the Jacobson radical J ( T ), 

Since Z(T) C Aj, (M ) for all right ternary T 1 -semimodule M by Note 3.16 
Theorem 4.7: J (T) is an h-ternary Y -ideal of T. 
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Proof-. Since by Lemma 3.17, Aj.(M ) is an h-ternary F -ideal of T and the intersection of any family of h- 
ternary F -ideals is again a h-ternary T -ideal, it follows that J(T) is an h-ternary T -ideal of T. 

Corollary 4.8: J (T) is a ^-ternary T -ideal of T. 

Proof. The proof of the corollary immediately follows from the above theorem 4.7, since every h-ternary Y -ideal 
is also a /-ternary Y -ideal. 

Theorem 4.9: The Jacobson radical of T is the intersection of all primitive h-ternary 

r -ideals of S. 

Proof : The proof of the above theorem follows from theorem 3.26, and definition 4.5. 

Definition4.10: Let P be a ternary T -ideal of T. Then P is said to be strongly semi-nilpotent if there exists a 

positive integer n such that(PFTT)" 'PcZ(r), where (PYTY)' 1 1 P = (PYT)Y(PYT) (fl — 1)FP times, 

(P r T r )° P = P and Z(T) is the zeroid of T. P is said to be strongly nilpotent if there exists a positive integer n such 

that cprrrr'p = {()}. 

Remark 4.11: A strongly nilpotent ternary Y -ideal of a ternary 1 -semiring is strongly semi-nilpotent. 
Theorem 4.12: If P is a strongly semi-nilpotent right ternary T-ideal of T then PE J (T). 

Proof: Suppose on the contrary that/ 3 <£ J (T) = |j A T (M ) , where A is the set of all irreducible right ternary 

Me A 

7T-semimodules. Then there exist M EA such that P $£ Aj. (M) . 

This implies that MYTYP ^ {0} m&MYPYT ^ {0} , by the definition of A T (M) . 

Since P is strongly semi-nilpotent, there exist a positive integer n such that (PYTY)" 1 P CZ Z(T ) => for p,E P (i 
= 1,2... n), t,E T (/ = 1, 2,„„ n -1), 

P] YfYp 2 rt 2 r Yp n _ ] Yt n _ ] Yp n + Z = Z For some zE T 

=> mYtY(p 1 Yt 1 Yp 2 Yt 2 Y, Yp n ^Yt n ^Yp n ) + mYtYz = mYtYz For some me M and for all tE T. 

Again, we further we deduce that IflY tY(p^Yt^Yp^Yt^Y Yp n _ l Yt n l Yp n ) = 0 for all mE M and for all tE T. 

Since M is additively cancellative. This shows that MYTY(PYTY) P = {0} . If the above relation hold for all n, then 
in particular it holds for n = 1 and in this case MYTYP = {0} which is a contradiction, since MYTYP ± {0} by 
hypothesis. 

Thus there exist mE M and a positive integer k such that 

mYTY(PYTY) k ~ l Pt{()\ And mYTY(PYTY) k P = {0} 
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Let u(^ 0) G HlVTU PYTY f 1 P EZ.M . Since M is irreducible, hence it is semi-irreducible by corollary 4.4, 
and hence by lemma 4.3, for mE M there exist 

CL , , Cj , d j E / . aJ3 i , CCj , fi . € r(l < i < p, 1 < j < q\ p, q Are positive integers) such that 

p <i 

m + ua i a i j3 i b i = 'J'ua j c j (j i d j . 
i = 1 7=1 


Hence, we have shown that 


p q 

mat J3r + '^ j ua i a j j3 j b i at J3r = '^ua jC jjd jd } at jdr for all t ET and for all r E P. 

1=1 7=1 


Since ^ uaajdhmpr , J ua ,c jd .at fir E MYTYiPYTYr' PYTYTYTYP 

1=1 7=1 


c Mrrrcprrr)"” 1 pytyp = mYTY(PYTY) k p = {0] 


We have mYtYr = Ofor all tE T and rE P. This leads to MTTTP = {0}, which is again a contradiction. This 
completes the proof of the theorem. 

By theorem 4.12 and remark 4.1 1, we obtain the following corollary. 

Corollary 4.13: If a ternary □-semiring T is Jacobson semisimple then T does not contain any non-zero 
strongly semi-nilpotent right ternary □-ideal and hence T does not contain any non-trivial strongly nilpotent right 
ternary □ -ideal. 

CONCLUSIONS 

In this paper mainly we start the study of primitive ternary T-semiring and Jacobson radicals, in ternary T- 
semirings. We characterize them. 
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